Figure 3: Finding an initial sup erp osition in RAND. Although tw o p oints are used for each

structure in this example, three p oints are used in three-dimensions.

Figure 4: Finding an initial sup erp osition in FRAG. rms-�tting b etw een P

i and Q

j is used to

compute an initial sup erp osition.

3.2 Searc hing for F ragmen t P airs

FRA G uses a very simple metho d to obtain initial sup erp ositions as well as RAND do es (see

Fig. 4).

Let P

i denotes a fragment (�

i

; �

i+1

; � � � ; �

i+L�1

) of P , where L is a constant (L = 15 is used in

the current version). Q

i is de�ned in the same wa y . Note that, for each pair of fragments P

i and

Q

j

, we can obtain a sup erp osition T (P )

S

Q using a transformation T which gives r msd b etw een

P

i and Q

j

. FRAG tests initial sup erp ositions obtained from all pairs P

i and Q

j in this way .

Since there are O (mn) pairs and L can b e considered as a constant, FRAG works in O (m

2

n

2

)

time. Although O (m

2

n

2

) time is not e�cient, the av erage case computation time can b e reduced

if we only test the cases where d

r ms

(P

i

; Q

j

) is small (for example, d

r ms

(P

i

; Q

j

) � 1:0

�

A).

Figure 2: Computation of an alignment using a graph matching technique.

3 Finding Initial Sup erp ositions

As mentioned b efore, RAND and FRAG di�er only in part of �nding initial sup erp ositions. In

this section, we describ e a metho d for �nding initial sup erp ositions in each algorithm.

3.1 Random Sampling

RAND uses a very simple random sampling technique for �nding initial sup erp ositions (see

Fig. 3).

First note that if we cho ose triplets P P = (�

s

1

; �

s

2

; �

s

3

) from P and QQ = (�

t

1

; �

t

2

; �

t

3

) from

Q, an isometric transformation (translation and rotation) T for P such that T (P P ) and QQ

lie on the same plane and

P

3

k =1 j�

s

k

� �

t

k j

2

is minimum is determined uniquely except a mirror

image. Moreov er, such a transformation can b e computed in O (1) time using a similar metho d

as in rmsd. W e use such a transformation to obtain an initial sup erp osition. If h�

s

k

; �

t

k i 2 M

holds for k = 1; 2; 3, it is exp ected that T (P )

S

Q b ecomes a go o d initial sup erp osition for a

structure alignment M . Thus, testing all pairs of triplets P P and QQ, we can obtain a go o d

initial sup erp osition. How ever, this metho d takes O (m

4

n

4

) time since there may b e O (m

3

n

3

)

pairs of triplets (i.e., O (m

3

n

3

) initial sup erp ositions).

Next we reduce the computation time using a random sampling technique. Let M b e an

optimal or a near optimal alignment, and let K = jM j. Let P

r and b e a subset of P which

consists of O ( m

K

) elements randomly chosen from P . Then, it is exp ected that at least one

elemen t of P

r and app ears in M with high probability

. Moreov er, increasing the size of P

r and by

a constant factor, we can prov e that at least three elements of P

r and app ear in M with high

probabilit y , where we omit the pro of here. Therefore, testing all pairs of triplets P P from

P

rand and QQ from Q, we can �nd a go o d initial sup erp osition with high probability

. In this

case, the time complexity is reduced to O ( m

4

n

4

K

3

) since O (( m

K

)

3

n

3

) pairs are tested. If there is a

go o d alignment, it is exp ected that K � cm holds for some constant c (for example, c =

1

2

).

Th us, setting K = cm for some constant c, the time complexity can b e reduced to O (mn

4

).

Although O (mn

4

) time is not small, we can reduce the av erage case computation time using

sev eral heuristics, where we omit the details here.

de�ned by

d

r ms

(P ; Q) = min

T v

u

u

t

1

n n

X

i=1 jT (�

i

) � �

i j

2

;

where the minimum is taken from all isometric transformations (rotations and translations) T

in three-dimensions, and j�j denotes the length of a vector �. Such T can b e computed in O (n)

time as well as d

r ms

(P ; Q).

Now, we will describ e the common framework. Let P = (�

1

; � � � ; �

m

) and Q = (�

1

; � � � ; �

n

)

b e tw o input sequences (m � n). W e call a partial corresp ondence M = fh�

i

1

; �

j

1 i; � � � ; h�

i

k

; �

j

k ig

b etw een P and Q an alignment if i

1

< i

2

< � � � < i

k and j

1

< j

2

< � � � < j

k hold (see Fig.

1). F or an alignment M , M (P ) denotes a subsequence (�

i

1

; � � � ; �

i

k

) of P , and M (Q) denotes

a subsequence (�

j

1

; � � � ; �

j

k

) of Q. The following pro cedure describ es the common framework

of RAND and FRAG, where �

1

; �

2

; L

1 are constants dep ending on the required quality of the

output alignments.

(1) Let M

0

:= fg.

(2) Rep eat (3)-(8) until no initial sup erp osition di�erent from the previous ones can b e found.

(3) Find an initial sup erp osition b etw een P and Q.

(4) Compute an alignment M b etw een P and Q using a graph matching technique.

(5) If jM j > L

1 and d

r ms

(M (P ); M (Q)) < �

1

, rep eat (6)-(7) several times.

(6) T ranslate and rotate P applying rms-�tting to M (P ) and M (Q).

(7) Compute an alignment M b etw een P and Q using a graph matching

technique.

(8) If jM j > jM

0 j and d

r ms

(M (P ); M (Q)) < �

2

, then let M

0

:= M .

(9) If M

0

6= fg, output M

0

. Otherwise, output "there is no go o d alignment".

Note that steps (6)-(7) corresp ond to an iterative improv emen t pro cedure, where this pro-

cedure is rep eated 5 times in the current implementation. In steps (4) and (7), an alignment

M b etween P and Q is computed using a graph matching technique in the following wa y (see

Fig. 2). F rom P and Q, we construct a bip artite gr aph G(P ; Q; E ) where E is a set of edges

b etw een P and Q. h�

i

; �

j i 2 P � Q is contained in E if j �

i

�

j j < � , where j �

i

�

j j denotes the

distance b etw een �

i and �

j

, and � is a constant dep ending on the required quality of the output

alignmen ts (currently

, we use � = 4:0 � 5:0

�

A). Moreover a cost is asso ciated with each edge

(cost(�

i

; �

j

) = j �

i

�

j j). Then M is a minimum c ost maximum matching of G(P ; Q; E ) under the

condition that M is an alignment. That is, M is an alignment such that

X

h�

i

;�

j i2M cost(�

i

; �

j

) is

minim um under the condition that jM j � jM

0

j holds for any other alignment M

0

. Such M can

b e computed in O (mn) time using a dynamic programming algorithm as in string (sequence)

alignmen t. Thus, this algorithm works in O (mnS ) time, where S is the num b er of initial sup er-

p ositions. F or details ab out bipartite graph matching, refer an appropriate textb o ok on graph

algorithms [1].

Figure 1: Example of a structure alignment. In this example, an alignment

fhp

1

; q

1 i; hp

2

; q

2 i; hp

3

; q

3 i; hp

5

; q

4 i; hp

6

; q

6 i; hp

7

; q

7 ig is obtained.

1.1 Previous W ork

A v ariet y of metho ds hav e b een prop osed for protein structure alignment [6, 7, 9, 10, 12, 13].

Rao and Rossmann, and Pascarella and Argos prop osed iter ative impr ovement metho ds [9, 10],

whic h are similar to the metho ds describ ed in this pap er. Howev er, in their metho ds, initial

sup erp ositions are not given automatically

. Moreov er, not systematic but heuristic metho ds

are used for iterative improv emen t. V riend and Sander develop ed a gr e e dy metho d in which

small fragments were assembled into larger structures [6, 13]. How ever, a similar heuristic

impro vemen t pro cedure as in [9, 10] is used. T a ylor and Orengo developed the double dynamic

pr o gr amming metho d [12]. How ev er, their metho d seems to b e less robust for noises b ecause

lo cal co ordinates are used in their metho d. Nussinov and W olfson applied ge ometric hashing to

protein structure alignment. How ev er, a huge memory space is required for geometric hashing.

�

Sali and Overington develop ed a sto chastic metho d using pr ob ability density functions [11].

Ho wev er, their metho d is complicated since a lot of programs are used to obtain probability

densit y functions. W e also develop ed a dynamic programming based metho d [2]. How ever, only

rough alignments are obtained in this metho d b ecause alignments b etw een small fragments are

not computed.

2 Alignmen t Using Bipartite Graph Matc hing

In this section, we describ e a common framework of the prop osed alignment algorithms: RAND

and FRAG. Note that they di�er only in part of �nding initial sup erp ositions.

W e assume that each three-dimensional structure is input as a sequence of p oints (C� atoms)

in three-dimensional space. This representation metho d is used in most alignment algorithms.

Before describing the framework, we brie y review the rmsd (ro ot mean square deviation)

[10]. Let P = (�

1

; � � � ; �

n

) and Q = (�

1

; � � � ; �

n

) b e tw o p oint sequences, where �

i

(resp. �

i

)

denotes a p oint in three-dimensional space. Then, d

r ms

(P ; Q) (rmsd b etw een P and Q) is

Protein Structure Alignmen t

Using a Graph Matc hing T ec hnique

T atsuy a Akutsu

akutsu@cs.gunma-u.ac.jp

Departmen t of Computer Science, Gunma Universit y

1-5-1 T enjin-c ho, Kiryu 376 Japan

Abstract

This p ap er pr op oses new algorithms for pr otein structur e alignment. Pr otein structur e

alignment is, given two thr e e-dimensional pr otein structur es, to �nd sp atial ly e quivalent

r esidue p airs. Each algorithm c onsists of the fol lowing two steps: �rst an initial sup er-

p osition is c ompute d; then a structur e alignment is c ompute d and r e�ne d using bip artite

gr aph matching. The pr op ose d algorithms ar e shown to b e useful thr ough an exp erimental

c omp arison with a pr evious alignment algorithm.

1 In tro duction

Classi�cation of three-dimensional protein structures (or folding patterns) is imp ortant for a

b etter understanding of the relationships b etween proteins and their functions. Indeed, several

studies hav e b een done [6, 8, 9, 11]. Pr otein structur e alignment plays a key role in them,

where protein structure alignment is, given two three-dimensional protein structures, to �nd

residue pairs o ccupying spatially equiv alen t p ositions. A v ariet y of protein structure alignment

metho ds hav e b een prop osed and utilized [6, 7, 9, 10, 12, 13]. How ever, they do not seem to b e

su�cien t from a viewp oint of the computation time and the quality of the obtained alignments.

Th us, we hav e develop ed simple and fast alignment algorithms for three-dimensional protein

structures. T o �nd an alignment, we �rst compute an initial sup erp osition. Next, we compute

an alignment using bip artite gr aph matching. Then, this alignment is improv ed through an

iter ative impr ovement pro cedure which also uses bipartite graph matching. There are tw o

v ersions (RAND and FRAG) dep ending on the metho ds of �nding initial sup erp ositions: a

random sampling technique is used in RAND, while a fragment based searching metho d is used

in FRAG. In this pap er, we describ e the algorithms and the exp erimental results.

� � 376 � 1-5-1

T able 1: Comparison of structure alignment algorithms.

DA T A DP RAND FRAG

D A T A1 DA T A2 RMSD LEN TIME RMSD LEN TIME RMSD LEN TIME

1ub q/76 3fxc/98 2.54 40 1.03 2.22 58.9 4.94 2.35 57 0.32

3icb/75 5cpv/108 1.98 40 0.87 1.82 57.6 5.88 1.78 58 0.55

2cro/63 2wrp/109 3.67 30 0.66 1.63 29.8 11.86 1.25 30 0.45

7p cy/99 1azu/127 2.89 50 0.33 2.34 71.9 30.52 2.30 71 0.82

4hh b/141 5mbn/153 1.25 120 0.91 1.44 139.0 3.67 1.50 140 2.80

1go x/359 1fcb/509 2.18 300 28.55 1.13 324.9 70.66 1.14 325 10.31

4 Exp erimen tal Results

RAND and FRAG were compared with a dynamic programming based algorithm (denoted by

DP). DP was previously prop osed by us [2], in which input sequences are divided into small

fragmen ts and then a dynamic programming technique is applied [2]. Similar algorithms are

used in [12, 13].

Comparison has b een done using PDB (Protein Data Bank) data [4] and SUN SP AR C

ST A TION-10, where all algorithms were implemented in C language.

The exp erimental results are summarized in T able 1. Each item in DA T A1 and DA T A2

denotes a PDB co de, where chain A is used in the cases of 4hhb and 1fcb. The length (the

n umber of p oints) is also describ ed along with each structure. It is known that protein structures

in the same row hav e similar structures. F or each algorithm and each pair of structures, rmsd

(d

r ms

(M (P ); M (Q)) (

�

A)) and the length (jM j) of the obtained alignment and CPU time (sec)

are describ ed. Note that the av erage v alues among ten trials are describ ed for RAND since it is

a randomized algorithm (i.e., outputs dep end on random num b ers generated in the program).

First observe that, in most cases, the rms distances obtained by RAND and FRAG are

smaller than those by DP and the lengths of the alignments obtained by RAND and FRAG are

longer than those by DP

. Thus we can conclude that the prop osed algorithms compute b etter

alignmen ts than DP

. Next observe that the qualities of the alignments obtained by FRAG are

as go o d as those by RAND, while the CPU times of FRAG are much shorter than those of

RAND. Thus we can conclude that FRAG is more practical than RAND.

5 Conclusions

In this pap er, we hav e presented tw o algorithms for protein structure alignment. Exp erimental

results show that one of the presented algorithms (FRAG) computes go o d alignments e�ciently .

Moreo ver, FRAG is simple and easy to implement. Thus, we can conclude that FRAG is

practical.

F uture work is as follows. Although we only considered the alignment problem b etw een tw o

protein structures, alignment among multiple protein structures is also imp ortant. Of course,

sev eral studies hav e b een done for multiple protein structure alignment [9, 11]. How ever, they do not seem to b e su�cient. Thus, multiple protein structure alignment should b e studied

further.

In this pap er, each protein structure is treated as a rigid b o dy

. That is, alignments are

computed considering global p ositions only

. Although such a treatment is adequate for com-

paring structures with strong similarities, it seems to b e inadequate for comparing structures

with weak similarities. Esp ecially

, in the case of classi�cation of protein structures (or folding

patterns) into the small num b er of families, more exible pattern matching metho ds should b e

emplo yed. Holm et al. combined several algorithms for that purp ose [6]. W e also prop osed

another metho d [3]. But, these metho ds do not seem to b e su�cient. Thus, more exible

pattern matching metho ds should b e developed.

Ac kno wledgemen t

This work was supp orted in part by a Grant-in-Aid for Scienti�c Research on Priority Areas,

"Genome Informatics", from The Ministry of Education, Science, Sp orts and Culture in Japan.

References

[1] R. K. Ahuja, T. L. Magnanti and J. B. Orlin, Network Flows: The ory, Algorithms, and

Applic ations, Prentice Hall, 1992.

[2] T. Akutsu, \E�cient and robust three-dimensional pattern matching algorithms using

hashing and dynamic programming techniques," Pr o c. 27th Hawaii International Confer-

enc e on System Scienc es, pp. 225-234, 1994.

[3] T. Akutsu and H. T ashimo, \Representation of a 3D protein structure using a sequence of

line segments," T e chnic al R ep ort 95-FI-36, IPSJ, pp. 1-7, 1995.

[4] F. C. Bernstein, T. F. Ko etzle, G. J. B. Williams, E. F. Meyer Jr., M. D. Brice, J.

R. Ro dgers, O. Kennard, T. Shimanouchi and M. T asumi, \The Protein Data Bank: A

computer-based archiv al �le for macromolecular structures," J. Mole cular Biolo gy, V ol.

112, pp. 535-542, 1976.

[5] C. Branden and J. T ooze, Intr o duction to Pr otein Structur e, Garland Publishing, 1991.

[6] L. Holm, C. Onzounis, C. Sander, G. T uparev and G. V riend, \A database of protein

structure families with common folding motifs," Pr otein Scienc e, V ol. 1, pp. 1691-1698,

1992.

[7] R. Nussinov and H. J. W olfson, \E�cient detection of three-dimensional structural motifs

in biological macromolecules by computer vision techniques," Pr o c. Natl. A c ad. Sci. (USA),

V ol. 88, pp. 10495-10499, 1991.

[8] C. A. Orengo, D. T. Jones and J. M. Thornton, \Protein sup erfamilies and domain sup er-

folds," Natur e, V ol. 372, pp. 631-634, 1994.

[9] S. Pascarella and P

. Argos, \A data bank merging related protein structures and se-

quences," Pr otein Engine ering, V ol. 5, pp. 121-137, 1992.

[10] S. T. Rao and M. G. Rossmann, \Comparison of sup er-secondary structures in proteins,"

J. Mole cular Biolo gy, V ol. 76, pp. 241-256, 1973.

[11] A.

�

Sali and J. P

. Overington, \Deriv ation of rules for comparative protein mo deling from

a database of protein structure alignments," Pr otein Scienc e, V ol. 3, pp. 1582-1596, 1994.

[12] W. R. T a ylor and C. A. Orengo, \Protein structure alignment," J. Mole cular Biolo gy, V ol.

208, pp. 1-22, 1989.

[13] G. V riend and C. Sander, \Detection of common three-dimensional substructures in pro-

teins," PROTEINS: Structur e, F unction, and Genetics, V ol. 11, pp. 52-58, 1991.